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1. INTRODUCTION
 Many authors have studied homogeneous cubic vector fields. Takens 9
studied the cubic vector field of the form
x a x 3 a xy2 , y b x 2 y b y3 ,˙ ˙1 3 2 4
with two symmetries about the x-axis and y-axis in the following two cases:
b  a  b  a  0, b  a  0 b  a .4 3 2 1 4 3 2 1
 Recently Cima and Llibre 2 established the algebraic classification of
Ž . Ž .the systems x p x, y , y s x, y , where p and s are homogeneous˙ ˙
Ž .polynomials of degree three i.e., cubic systems . The classification theo-
rem of such systems is based on the classification of fourth-order binary
 forms, which was given by Gurevich 6 on the field of complex numbers.
 Yang 10 obtained necessary and sufficient conditions for a homogeneous
cubic system with odd degree to be asymptotically stable in the plane.
 However, Takens 9 gave the classification of homogeneous cubic vector
 fields by using a method different from Gurevich’s method 6 and found
the possible equivalence classes for such vector fields. The classifications
 of cubic homogeneous parameterized vector fields established in 2, 9 is
useful for studying the weak structural stability of the vector field X with
the property
j X x , y  X x , y , j X x , y  0, 1.1Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .0, 0 0, 03 3 2
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Ž Ž ..where j X x, y denotes the k-jet of the vector field X near thek Ž0, 0.
origin, and where X is of the form3
X x , y  a x 3 a x 2 y a xy2 , b x 2 y b xy2 b y3 . 1.2Ž . Ž .Ž .3 1 2 3 2 3 4
We can use this classification to characterize the phase portrait of the
Ž .vector field X, which has the property 1.1 near the origin. In this paper
 we apply the theorems and technique given in 9 to find sufficient
conditions on the parameter space such that the vector field X is weakly
structurally stable. Also we obtained the topological equivalence between
Ž Ž ..the vector fields X and X  j X x, y .3 3 Ž0, 0.
Ž .As we shall see in this paper, the vector field X satisfying 1.1 is weakly
structurally stable under one of the conditions:
b  a , b  a , b  a ; 1.3Ž .4 3 3 2 2 1
b  a , b  a , b  a . 1.4Ž .4 3 3 2 2 1
Here the terminology ‘‘weakly structurally stable’’ for a vector field X can
be also called to be K-weakly-C o-stable, or K-structurally stable as given
 by Takens 9 , which means that there is a germ space K such that X is
Ž .structurally stable only restricted to K see Definition 2.3 .
Ž .Obviously, the parameter subset defined by 1.3 is open-dense in the
6 Ž .total parameter space R , but that defined by 1.4 is not. We found that
Ž .the non-degenerate condition 3.3 mentioned in Theorem 3.1 in the sense
  Ž . Ž .of Takens 9 is satisfied in the cases 1.3 and 1.4 . For the other cases in
the parameter space it can be shown that the non-degenerate condition is
not satisfied in those cases for which we cannot decide whether the vector
field X is weakly structurally stable.
This paper is organized as follows: In Section 2 we gave some definitions
related to this paper. The basic ideas used in this paper are given in
Section 3. Sections 4 and 5 are devoted to studying and finding sufficient
conditions on the parameters for the vector fields X to be weakly struc-
turally stable.
2. BASIC DEFINITIONS
In this section we introduce some related definitions.
 2 Ž . Ž .Recall that two C -vector fields X and Y on R with X 0  Y 0  0
are germ equivalent near the origin if there exists a neighborhood U of the
Ž . Ž . 2origin such that X x  Y x for each xU. Let G be the set of such
germ equivalence classes, which is the germ space of C-vector fields on
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R2 vanishing at the origin. For a vector field X belonging to an equiva-
lence class in G 2 we are going to study the locally topological behavior of
X in a neighborhood of the origin.
˘ ˘ 2 ˘ ˘DEFINITION 2.1. Let X, Y G . Then X and Y are n-jet equivalent
Ž Ž ..near the origin if for some representative X and Y, j X x, y n Ž0, 0.
Ž Ž .. Ž Ž ..j Y x, y , where j X x, y is the nth-order Taylor polynomial ofn Ž0, 0. n Ž0, 0.
Ž .X x, y near the origin. Every n-jet equivalence class is called the n-jet of
the vector field X near the origin.
There is a natural 11 correspondence between the n-jets of vector
fields on R2 vanishing at the origin and vector fields whose component
functions are polynomials of degree 	 n. The n-jet set J n of vector fields
on R2 in G 2 is a vector space and hence has a natural manifold structure.
The topology on G 2 is the coarsest topology such that the natural
2 n ˘Ž . Ž .projection  : G  J is continuous, where  X  j X for somen n n
˘representative X of the germ X.
˘ ˘ 2 oŽ .DEFINITION 2.2. Two germs X, Y G are topologically or C equiv-
alent if for some representative X and Y there exist neighborhoods U, V
of 0 in R2 and a homeomorphism h: U V mapping each integral curve
of X into an integral curve of Y, preserving their orientation but not
necessarily the parameterization.
DEFINITION 2.3. Let K
 G 2 and X K. Then we say that X is
o Ž o .K-C -stable or K-weakly-C -stable, or weakly structurally stable if there
is a neighborhood U of X in G 2 such that every YU K is C o-equiv-
alent with X.
o ŽRemark. In this paper we will study the K-C -stability or weak struc-
.tural stability for K K , K , and K in Sections 4 and 5, where0 1 2
K  X G 2  j X x , y  0, j X x , y  X x , yŽ . Ž . Ž .Ž . Ž . Ž . Ž .0, 0 0, 00 2 3 3
and b  a , b  a , b  a , 2.1Ž .44 3 3 2 2 1
K  X G 2  j X x , y  0, j X x , y  X x , yŽ . Ž . Ž .Ž . Ž . Ž . Ž .0, 0 0, 01 2 3 3
2and b  a , b  a , b  a , b  a  4 b  a b  a  0 ,Ž . Ž . Ž . 44 3 3 2 2 1 3 2 4 3 2 1
2.2Ž .
K  X G 2  j X x , y  0, j X x , y  X x , yŽ . Ž . Ž .Ž . Ž . Ž . Ž .0, 0 0, 02 2 3 3
and b  a , b  a , b  a , 2.3Ž .44 3 3 2 2 1
Ž . Ž .and X x, y is of the form 1.2 .3
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3. BASIC CONCEPTS
Ž . n1 2 Ž .Let X be a at least C -vector field on R of which the n 1 -jet
near 0 R2 is zero. Let X denote a homogeneous vector field of degreen
Ž Ž ..n with the same n-jet as X near 0; i.e., j X x, y  X . Consider then Ž0, 0. n
following two functions:
² : ² :f x , y  X x , y , x , y , g x , y  X x , y , y , x . 3.1Ž . Ž . Ž . Ž . Ž . Ž . Ž .n n
Ž .A line L is called invariant if g p  0 at each point p belonging to L.
The above functions f and g play an important role for the determina-
tion of the trajectory structure of the vector field in the plane. For the
geometrical interpretation of the functions f and g we may use the polar
Ž .coordinates r,  , where x r cos  , y r sin  , by which the functions f
and g are rewritten as
2˙f r cos  , r sin   rr , g r cos  , r sin   r  . 3.2Ž . Ž . Ž .˙
Ž .Since f 0 implies r 0, the flow at the point x, y  L is going away˙
Ž .from the origin; for f 0 the case is oppposite. Moreover from 3.2 , f 0
Ž .implies r 0, which means the flow at the point x, y  L has no˙
˙displacement along the invariant line. For g 0 we have  0, so the
Ž .flow at the point x, y in between two invariant lines is turning to the left
as  is increasing, and for g 0 the case is opposite. For an invariant line
˙Ž .L on which g 0 from 3.2 we have  0; hence this line goes radially.
It can be shown that an invariant line is a straight line passing through the
origin and preserving the flows of the vector field X. From the above
argument we can say that the sign of the functions f and g on and in
between two invariant lines determines the structure of the trajectories.
The following theorem is the fundamental one in this work, because by
using this theorem we may establish the weak structural stability of the
n1 Ž .vector field X which is at least C and whose n 1 -jet is zero and
n-jet is X . In particular we will apply this theorem to the vector field Xn
which is at least C4 and whose 2-jet is zero and 3-jet is X , where X is a3 3
Ž .cubic homogeneous parameterized vector field of the form 1.2 .
THEOREM 3.1. Let X and X be as aboe, and let f , g be as defined inn
Ž .3.1 . Suppose the following condition is satisfied:
dg p  0 and f p  0 for each p 0, p R2 ,Ž . Ž .
with g p  0. 3.3Ž . Ž .
n1 Ž .Then each C -ector field Y with zero n 1 -jet and n-jet close to X isn
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o Ž oC -equialent with X i.e., the germs represented by X and Y are C -equi-
.alent .
 Proof. See 9 .
Ž .Remark. The condition 3.3 is non-degenerate in the sense of Takens
  Ž .9 . From the condition 3.3 it easily follows that the origin is an isolate
Ž .critical point of X and that dg p  0 for any point p 0 belonging to an
invariant line L.
Theorem 3.1 shows that there is a topological equivalence between such
n1 Ž Ž ..a C -vector field X and j X x, y  X , which satisfies the condi-n Ž0, 0. n
Ž . 2tion 3.3 . In our case we have the vector field X on R which is at least
4 Ž .C and which satisfies 1.1 ; i.e.,
j X x , y  X , j X x , y  0, 3.4Ž . Ž . Ž .Ž . Ž .Ž . Ž .0, 0 0, 03 3 2
where X is a cubic homogeneous parameterized vector field of the form3
Ž . Ž .1.2 . From the condition 3.3 we can establish the local topological
Ž .equivalence between the vector field X with property 3.4 and the vector
field X . The study and classification of the vector field X is then3 3
necessary for understanding the behavior of the trajectories of the vector
  Ž .field X near the origin, which has been done in 2 . The condition 3.3 in
Theorem 3.1 determines the sufficient conditions for the vector field X
Ž . o Ž .satisfying 3.4 to be K-C -stable or weakly structurally stable . So from
Ž .Theorem 3.1 we conclude that: a this theorem gives us information about
the phase portrait of the vector field X near the origin topologically
Ž .equivalent to that of the vector field X . b By verifying the condition3
Ž .3.3 on the vector field X we can find a sufficient condition on the3
Ž .parameter space such that the vector field X satisfying 3.4 is weakly
structurally stable; i.e., the weak structural stability follows from the
topological equivalence between the vector field X and the vector field X3
near the origin.
4. WEAK STRUCTURAL STABILITY OF THE VECTOR
FIELDS FOR K K0
In this section we study weak structural stability of the vector field X
Ž . 4with X 0  0, which is at least a C -vector field, and which has the
Ž .property 3.4 ,
j X x , y  X x , y , j X x , y  0, 4.1Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .0, 0 0, 03 3 2
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where X is the cubic homogeneous parameterized vector field of the3
Ž .form 1.2 :
X  a x 3 a x 2 y a xy2 , b x 2 y b xy2 b y3 . 4.2Ž .Ž .3 1 2 3 2 3 4
Ž .Then the formulas 3.1 become
g x , y  b  a x 3 y b  a x 2 y2  b  a xy3Ž . Ž . Ž . Ž .2 1 3 2 4 3
2 2 b  a x  b  a xy b  a y xy. 4.3Ž . Ž . Ž . Ž .2 1 3 2 4 3
f x , y  a x 4 a x 3 y a  b x 2 y2  b xy3 b y4 . 4.4Ž . Ž . Ž .1 2 3 2 3 4
We have
2 2 g x 3 b  a x  2 b  a xy b  a y y ,Ž . Ž . Ž .2 1 3 2 4 3
4.5Ž .
2 2 g y b  a x  2 b  a xy 3 b  a y x .Ž . Ž . Ž .2 1 3 2 4 3
Let
2A b  a  4 b  a b  a , 4.6Ž . Ž . Ž . Ž .3 2 4 3 2 1
and consider the equation
b  a  b  a s b  a s2 0, 4.7Ž . Ž . Ž . Ž .2 1 3 2 4 3
which has real solutions
12s  a  b  A  2 b  a ,Ž .Ž .1 2 3 4 3
4.8Ž .
12s  a  b  A  2 b  a ,Ž .Ž .2 2 3 4 3
if and only if A 0. Then we have
f x , sx  k s 1 s2 x 4 , 4.9Ž . Ž . Ž . Ž .
where
k s  a  a s a s2 . 4.10Ž . Ž .1 2 3
Now in the following theorem we investigate a sufficient condition on
parameters a , b such that the vector field X is K  C o-stable.i i 0
2 Ž .THEOREM 4.1. Let X and X be ector fields on R . If condition 1.33
holds, b  a  0, b  a  0, b  a  0, and if a b  0, A 0, then4 3 3 2 2 1 1 4
eery C4-ector field Y on R2 in K is C o-equialent to the ector field X.0
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Ž .Proof. By Theorem 3.1 we only need to verify the condition 3.3 . From
Ž . 2 Ž .4.3 and A 0 it easily follows that for p 0 R , g p  0 iff
Ž . Ž .p x, 0 or 0, y . So we need only to verify the value of dg at the points
Ž . Ž . Ž .x, 0 and 0, y with xy not equal to zero. From 4.5 we have
 g  g
3dg  dx dy  b  a x dy ,Ž . Ž .Ž .x , 0 2 1ž / x  y Ž .x , 0
which is not equal to zero due to the condition b  a  0. Similarly,2 1
Ž .dg  0.Ž0, y .
Ž .From 4.4 we have
f x , 0  a x 4 and f 0, y  b y4 ,Ž . Ž .1 4
which are also not equal to zero due to the condition a b  0. The1 4
Ž . 4condition 3.3 then holds. By Theorem 3.1 every C -vector field Y with
ozero 2-jet and 3-jet close to X is C -equivalent to the vector field X.3
Ž .Because the parameter subset given by 1.3 is open-dense in the total
parameter space it follows from the proof of Theorem 4.1 that such a
vector field X is K -C o-stable, and that the local phase portrait of the0
Ž .vector field X near 0, 0 is topologically equivalent to the local phase
portrait of the vector field X .3
In the following theorem we prove weak structural stability of the vector
field X for A 0.
2 Ž .THEOREM 4.2. Let X and X be ector fields on R . If condition 1.33
holds, b  a  0, b  a  0, b  a  0, and if a b k k  0, A 04 3 3 2 2 1 1 4 1 2
Ž .where A is gien by 4.6 and where
k  a  a s  a s2 ,1 1 2 1 3 1
4.11Ž .
k  a  a s  a s2 ,2 1 2 2 3 2
Ž . 4 2where s and s are as defined by 4.8 , then eery C -ector field Y on R in1 2
K is C o-equialent to the ector field X.0
Proof. Since A 0, so the zero-points of g are
x , 0 , 0, y , x , s x , and x , s x . 4.12Ž . Ž . Ž . Ž . Ž .1 2
Ž . Ž . Ž .By 4.5 for x, 0 and 0, y with xy 0 we have
dg  b  a x 3 dy 0,Ž . Ž .Ž .x , 0 2 1
dg  b  a y3 dx 0.Ž . Ž .Ž .0, y 4 3
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Ž . Ž .Now for x, s x and x, s x we have1 2
dg   dx  dy ,Ž . Ž .x , s x 1 21
dg   dx  dy ,Ž . Ž .x , s x 1 22
where
2 3  3 b  a  2 b  a s  b  a s s x ,Ž . Ž . Ž .1 2 1 3 2 1 4 3 1 1
2 3  b  a  2 b  a s  3 b  a s x ,Ž . Ž . Ž .2 2 1 3 2 1 4 3 1
4.13Ž .
2 3  3 b  a  2 b  a s  b  a s s x ,Ž . Ž . Ž .1 2 1 3 2 2 4 3 2 2
2 3  b  a  2 b  a s  3 b  a s x .Ž . Ž . Ž .2 2 1 3 2 2 4 3 2
Ž .Since s and s satisfy 4.7 ,1 2
3  b  a  2 b  a s s x ,Ž . Ž .2 3 2 4 3 1 1
3  b  a  2 b  a s s x .Ž . Ž .2 3 2 4 3 2 2
Ž .From A 0 and 4.8 it follows that   0 and   0, which imply2 2
Ž . Ž .dg  0 and dg  0.Ž x, s x . Ž x, s x .1 2
Ž . Ž .For the values of the function f given by 4.4 at the zero-points 4.12
of the function g we have
f x , 0  a x 4 ,Ž . 1
f 0, y  b y4 ,Ž . 4
4.14Ž .
f x , s x  k x 4 ,Ž .1 1
f x , s x  k x 4 ,Ž .2 2
Ž .where k , k are defined in 4.11 . From a b k k  0 the value of the1 2 1 4 1 2
Ž .function f at each point of 4.12 is not equal to zero.
Ž .So the condition 3.3 of the Theorem 3.1 is verified, and hence any
C4-vector field Y with zero-2-jet and 3-jet close to X is K  C o-3 0
equivalent to the vector field X.
Remark. For the case A 0 we cannot talk about the K -C o-stability0
of the vector field X because the parameter subset related to the equation
A 0 has no interior points in the total parameter space R6. This suggests
to talking about weak structural stability restricted to a subset of the
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parameter space R6; i.e., we will talk about K -C o-stability, where K is1 1
Ž .defined by 2.2 :
K  X G 2  j X x , y  0, j X x , y  X x , yŽ . Ž . Ž .Ž . Ž . Ž . Ž .0, 0 0, 01 2 3 3
and b  a , b  a , b  a ,4 3 3 2 2 1
2b  a  4 b  a b  a  0 .Ž . Ž . Ž . 43 2 4 3 2 1
In other words, we say such a vector field X is topologically equivalent to
X near the origin when its parameters satisfy A 0. In the following3
section we will talk in detail about an analogous case.
5. K -C o-STABILITY2
In this section we discuss weak structural stability of the vector field X
restricted to a subset of the parameter space. In other words we will give a
sufficient condition on the parameters such that the vector field X is
o Ž .K -C -stable, where K is defined by 2.3 :2 2
K  X G 2  j X x , y  0, j X x , y  X x , yŽ . Ž . Ž .Ž . Ž . Ž . Ž .0, 0 0, 02 2 3 3
and b  a , b  a , b  a . 5.1Ž .44 3 3 2 2 1
The parameter space R6 should be reduced to the parameter subspace
Ž .defined by 1.4 , b  a , b  a , b  a , which can be considered as a4 3 3 2 2 1
space with five coordinates embedded in the total parameter space R6.
Hence we may talk about K -C o-stability; i.e., we should consider the2
parameterized vector field X  K .	 2
In the following theorem we prove the K -C o-stability of the vector field2
Ž .X under the condition 1.4 .
THEOREM 5.1. Let X and X be ector fields on R2 and let3
12s  a  b  b  a ,Ž . Ž .3 1 2 4 3
1k  b  a a b  a b  a s ,Ž . Ž .3 4 3 1 4 3 2 2 3 5.2Ž .
1k  b  a a b  a b  a s .Ž . Ž .4 4 3 1 4 3 2 2 3
If a b k k  0, then eery C4-ector field Y on R2 in K is C o-equialent to1 4 3 4 2
the ector field X near the origin.
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Proof. The method of proof of this theorem is similar to that of the
previous theorems, so we only sketch it. The function g is
2 2g x , y  b  a x  b  a y xy. 5.3Ž . Ž . Ž . Ž .2 1 4 3
Ž .Ž . Ž .If b  a b  a  0, then the zero-points of the function g are x, 0 ,4 3 2 1
Ž . Ž . Ž .0, y , x, s x , and x,s x . So3 3
dg  b  a x 3 dy ,Ž . Ž .Ž .x , 0 2 1
dg  b  a y3 dx ,Ž . Ž .Ž .0, y 4 3
5.4Ž .
dg  2 a  b x 3 dy s dx ,Ž . Ž . Ž .Ž .x , s x 1 2 33
dg  2 a  b x 3 dy s dx .Ž . Ž . Ž .Ž .x ,s x 1 2 33
It is clear that the value of dg at each zero-point of the function g is not
Ž .equal to zero, and this verifies the first part of the condition 3.3 of
Theorem 3.1.
Ž . Ž .Next, from 4.4 and 4.9 we have
f x , 0  a x 4 ,Ž . 1
f 0, y  b y4 ,Ž . 4
5.5Ž .
f x , s x  k x 4 ,Ž .3 3
f x ,s x  k x 4 .Ž .3 4
Since a b k k  0, the value of the function f at each zero-point of the1 4 3 4
function g is not equal to zero.
Ž .Ž .If b  a b  a  0, then the zero-points of the function g are4 3 2 1
Ž . Ž .only x, 0 and 0, y . By a similar argument we can verify the condition
Ž .3.3 of Theorem 3.1. Hence, under the conditions mentioned in this
theorem, by Theorem 3.1, the vector field X is C o-equivalent to the vector
6 Ž .field X restricted to the parameter subspace K 
 R defined by 5.1 ; so3 2
othe vector field X is K -C -stable.2
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